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a b s t r a c t
The aerodynamic forces on a two-dimensional three-degree-of-freedom (3DOF-heave,
sway and torsion) body of arbitrary cross-section are considered, for arbitrary wind
direction relative to the principal structural axes. The full 3DOF aerodynamic damping
matrix is derived, based on quasi-steady theory, using the commonly-used concept of an
aerodynamic centre to represent the effect of the torsional velocity on the aerodynamic
forces. The aerodynamic coefﬁcients are assumed to be consistent functions of only the
relative angle of attack. It is shown that the determinant of the quasi-steady aerodynamic
damping matrix is always zero. The galloping stability of the aerodynamically coupled
system is then addressed by formulating the eigenvalue problem, for which analytical
solutions are derived for the case of perfectly tuned structural natural frequencies. The
solutions deﬁne a non-dimensional effective aerodynamic damping coefﬁcient, indicating
how stable the system is. A trivial solution always exists, with zero effective aerodynamic
damping, corresponding to rotation about the aerodynamic centre, and relatively simple
exact closed-form solutions are derived for the other one or two solutions, the minimum
solution deﬁning the stability of the system. Example results are presented and discussed
for square, rectangular (aspect ratio 3) and equilateral triangular sections and a lightly
iced cable, and they are compared with results using previous solutions for 2DOF trans-
lational and 1DOF pure torsional galloping. For the shapes considered it is found that the
stability of the 3DOF system is normally close to that of the 2DOF translational system,
with a relatively small inﬂuence of the stability of the torsional degree of freedom,
although in some instances, especially at the critical angles of attack, it can signiﬁcantly
affect the stability.
& 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).
1. Introduction
Galloping instability of slender structures has been widely observed in practice, especially for electricity transmission
lines, bridge cable stays, etc.. There has been long lasting interest in predicting such dynamic instability by using aero-
dynamic coefﬁcients in theoretical models, based on quasi-steady theory. The Den Hartog (1932) criterion provides a
prediction of galloping instability but is limited to single-degree-of-freedom (1DOF) motion normal to the wind direction,
which is not always the case in practice. Aerodynamic coupling between degrees of freedom can be important, especially
when the structural natural frequencies are close to each other.
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It is well known that for long span bridges, aircraft wings, etc., ﬂutter instability, i.e. an aeroelastic instability involving
torsional motion, is a major concern. Often this is treated as a two-degree-of-freedom (2DOF) problem, involving vertical
and torsional motion. For the analysis of ﬂutter of real structures normally numerical approaches are used but Chen and
Kareem (2006) proposed a closed-form solution of coupled vertical and torsional ﬂutter for long span bridges, based on
ﬂutter derivatives, showing good agreement with experimental results. It should be pointed out that for bridge decks the
reduced velocity is quite low resulting in low accuracy of quasi-steady theory. Therefore, ﬂutter derivatives (or equivalent)
are commonly used instead. But for smaller diameter bodies, especially cables, the reduced velocity is generally high so
quasi-steady theory, as used in conventional Den Hartog galloping, is more applicable, since the timescale of oscillations is
much longer than the timescale for the ﬂow to pass the body. In these conditions, as in the present paper which considers a
generalisation of quasi-steady theory, ‘galloping’ is potentially a more appropriate term than ‘ﬂutter’.
There is quite a long history of analysing coupled vertical and torsional motions using quasi-steady theory, often called
two-degree-of-freedom galloping and often achieving good agreement with experiment results (Blevins and Iwan, 1974,
Modi and Slater, 1983, Novak, 1969, Slater, 1969), as reviewed by Blevins (1994). Related to this, Norberg (1993) conducted a
series of experiments on rectangular prisms, allowing not only translational motions but also torsion. These were followed
up with numerical simulations (Sohankar et al., 1997) which focused on the ﬂow around the cross-section at 0° incidence
and the effects of the aspect ratio of the rectangular section, giving some insight into the underlying ﬂow mechanisms
driving the instability. Robertson et al. (2003) also performed numerical simulations on rectangular prisms with various side
ratios, addressing both the onset of galloping and the steady-state amplitudes of the resulting vibrations. Although the study
was conducted at low Reynolds numbers, good agreement was achieved between the numerical results and quasi-steady
theory.
Jones (1992) was the ﬁrst to address coupled translational galloping (across-wind and along-wind), for the special case of
perfectly tuned natural frequencies in the two directions. Li et al. (1998) also proposed a series of equations for 2DOF
coupled translational galloping, but using body co-ordinates to allow inclination of the wind, which lost the direct con-
nection to the Den Hartog criterion. These and other developments in the analysis of coupled 2DOF translational galloping
have recently been critically reviewed by Nikitas and Macdonald (2014). Another useful recent review of various issues in
galloping is provided by Piccardo et al. (2014a)
The Den Hartog criterion was generalised to allow for the effects of Reynolds number and any orientation of the cylinder
and the plane of 1DOF motion by Macdonald and Larose (2006), for application to dry inclined galloping of bridge stay-
cables. The approach was then extended to address the onset of galloping instability of a generalised coupled translational
2DOF model (Macdonald and Larose, 2008a,b), providing a closed-form solution for the minimum structural damping
required to prevent galloping in the case of perfectly tuned natural frequencies, and numerical solutions and limit cases for
detuned natural frequencies. Meanwhile Carassale et al. (2005) developed an equivalent formulation expressing the aero-
dynamic damping matrix in terms of vectors and matrix calculus, but excluding Reynolds number effects. These analyses
were able to reproduce some of features of dry inclined cable galloping observed in dynamic wind tunnel tests. Also, Luongo
and Piccardo (2005) presented an approximate analytical solution for coupled translational galloping, using a perturbation
method, which was found to be valid not only in the quasi-resonant condition but also the non-resonant one. Later Piccardo
et al. (2011) further investigated the critical conditions for 2DOF translational galloping and explicitly presented the
aerodynamic damping matrix of such a system considering both the angle of attack and yaw angle.
There has been a limited amount of research on coupled three-degree-of-freedom (3DOF) galloping. Yu et al. (1993a,b)
extended Jones (1992) work by including the torsional degree of freedom, deriving the governing equations using a per-
turbation approach and solving them for the onset of galloping using the Routh–Hurwitz method. Wang and Lilien (1998)
also proposed a 3DOF model, allowing for both single and bundled transmission lines, which was solved using time history
simulations. However, both of these 3DOF models focused on the eccentricity and full span effects rather than the aero-
dynamic coupling between the degrees of freedom and a simpliﬁed deﬁnition of the conditions for the galloping to occur.
Later Luongo et al. (2007), using a linear curved-beam model to analyse galloping, suggested, from order-of-magnitude
considerations, that the torsional velocity has negligible inﬂuence on the aerodynamic forces. More recently Gjelstrup and
Georgakis (2011) developed a 3DOF model based on the 2DOF translational model by Macdonald and Larose (2008a,b) but
incorporating torsion. They allowed for variations in Reynolds number and skew angle, as well as angle of attack, which may
be relevant in some situations but complicate the formulation considerably. Their solution of the galloping problem was
based on the Routh–Hurwitz criterion, which deﬁnes whether or not the system is stable but requires signiﬁcant numerical
calculations to quantify the stability. In other developments, Piccardo (1993) addressed coupled aeroelastic phenomena
generally and presented the two-dimensional 3DOF quasi-steady aerodynamic damping matrix for certain conditions.
Recently, he and his co-workers re-visited the problem and presented the matrix in a more general form (Piccardo et al.,
2014a). They have also considered the aeroelastic behaviour of slender tower structures using quasi-steady theory, speci-
ﬁcally addressing the dynamic behaviour of the whole structure and nonlinear effects, and presenting some numerical
results for the stability Piccardo et al. (2014b). As far as the authors are aware these references cover virtually all the
previous analysis of 3DOF galloping.
The aim of the current paper is to address the 3DOF galloping problem, focussing on obtaining a closed-form solution for
the effective aerodynamic damping of the system for the ﬁrst time, albeit for the simpliﬁed system of a two-dimensional
body with perfectly tuned natural frequencies in the three structural modes. Such a system may be particularly relevant to
bundled conductors, which have close natural frequencies for both torsional and translational motions (Chabart and Lilien,
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1998), and it acts as a reference case for other more involved multi-degree-of-freedom galloping situations. The analysis is
based on the recent work by Nikitas and Macdonald (2014) on generalisation of the Den Hartog galloping criterion for
coupled translational galloping. They derived the aerodynamic damping matrix of the two-dimensional translational 2DOF
model, for arbitrary orientation of the principal structural axes, by Taylor expansion for small motion, and discussed the
different stability criteria that apply in different conditions for the 1DOF and 2DOF systems. In this paper, a similar approach
is applied to obtain the aerodynamic damping matrix of the two-dimensional 3DOF model, including torsion, then an exact
analytical solution is found for the stability of the aerodynamically coupled system for the case of perfect tuning and
example results are presented and discussed.
2. Derivation of the 3DOF aerodynamic damping matrix
The proposed 3DOF model aims to identify the galloping stability of a body of arbitrary rigid cross-section, considered in
two dimensions. Fig. 1 shows the geometry of the system, using a lightly iced cable as an example. In the proposed approach
herein, inertial coupling is not considered, so the elastic centre (point O) coincides with the centre of mass. This is valid for
symmetrical sections and for lightly iced sections where the shift in the centre of mass due to the ice is negligible. The
rotational velocity of the cross-section can be important but there is no rigorous theoretical way of dealing with it in a quasi-
steady manner for bluff bodies. Therefore, the common approach of the use of an aerodynamic centre is applied, which was
ﬁrst adopted by Slater (1969) from ﬂutter analysis of aerofoils (Theodorsen, 1935) and later systematically explained by
Blevins (1994). The aerodynamic forces on the body are taken to be the same as those on the body if stationary and subject
to a wind velocity equal to the relative velocity between the wind and the aerodynamic centre (point A), which includes a
component due to the rotational velocity of the body about point O.
Fig. 1. 3DOF cross-sectional model.
Fig. 2. Mean wind velocity, components of velocity of the aerodynamic centre, and hence relative velocity between the wind and aerodynamic centre.
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In Fig. 1 the x and y directions are the principal structural axes of the system and θ is the rotation of the cross-section,
measured between the x axis and a reference line on the body (the dashed line in Fig. 1 ﬁxed to the cross-sectional shape). θ
includes the static rotation of the shape, θ0 (e.g. due to the weight of ice accretion or the mean wind load), and a dynamic
component, θd. kx, ky and kθ represent the structural stiffnesses, which can be expressed asmω2x ,mω2y and Jθω2θ , respectively.
m is the mass per unit length of the body and Jθ ¼mr2 is the polar mass moment of inertia per unit length about point O,
where r is the radius of gyration. ωx; ωy and ωθ are the angular natural frequencies of the uncoupled structural system in
each degree of freedom. The aerodynamic centre is positioned at radius La from O at an angle γr from the body reference
line. α0 is the angle between the wind direction and the x axis, while α represents the angle between the wind direction and
the body reference line (α¼α0þθ).
Fig. 2 shows the velocities of the wind and the body. U is the mean wind velocity, at an angle of α0 with respect to the x
axis. _x and _y are the components of the translational velocity of the body in the x and y directions. Urot ¼ La _θ is the com-
ponent of velocity of the aerodynamic centre due to the rotational velocity of the section. The relative velocity, Urel, is then
the resultant of all the above velocity components. The corresponding relative angle of attack is denoted as αrel. Hence,
based on the quasi-steady assumption, the aerodynamic forces in the x and y directions (Fx and Fy respectively) and moment
about O (Fθ) on the body per unit length are given by
Fx ¼
1
2
ρUrel
2D CLðαrelÞ sin αrelθ
 þCDðαrelÞ cos αrelθ  ; ð1Þ
Fy ¼
1
2
ρUrel
2D CLðαrelÞ cos αrelθ
 þCDðαrel  sin αrelθ ; ð2Þ
Fθ ¼
1
2
ρUrel
2D2CMðαrelÞ; ð3Þ
where ρ is the density of air, D is a reference dimension of the body and CDðαÞ, CLðαÞ and CMðαÞ are, respectively, the static
drag, lift and moment coefﬁcients of the cross-section, which are taken to be only functions of the angle of attack, α.
The magnitude of the instantaneous relative wind velocity and the relative angle of attack are given by
Urel ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
U sin α0 _y _θLacos γrþθ
  2þ U cos α0 _x _θLasin γrþθ  2
r
; ð4Þ
αrel ¼ arctan
U sin α0 _y _θLacos γrþθ
 
U cos α0 _x _θLasin γrþθ
 
 !
þθ: ð5Þ
To consider the onset of galloping instability, Taylor expansion about the static values is applied to the aerodynamic
forces and moment and only the linear terms in the velocity components of the body are retained
Fx ¼ Fxj_x ¼ _y ¼ _θ ¼ θd ¼ 0þ _x
∂Fx
∂_x

_x ¼ _y ¼ _θ ¼ θd ¼ 0
þ _y∂Fx
∂_y

_x ¼ _y ¼ _θ ¼ θd ¼ 0
þ _θ∂Fx
∂ _θ

_x ¼ _y ¼ _θ ¼ θd ¼ 0
; ð6Þ
Fy ¼ Fyj_x ¼ _y ¼ _θ ¼ θd ¼ 0þ _x
∂Fy
∂_x

_x ¼ _y ¼ _θ ¼ θd ¼ 0
þ _y∂Fy
∂_y

_x ¼ _y ¼ _θ ¼ θd ¼ 0
þ _θ∂Fy
∂ _θ

_x ¼ _y ¼ _θ ¼ θd ¼ 0
; ð7Þ
Fθ ¼ Fθj_x ¼ _y ¼ _θ ¼ θd ¼ 0þ _x
∂Fθ
∂_x

_x ¼ _y ¼ _θ ¼ θd ¼ 0
þ _y∂Fθ
∂_y

_x ¼ _y ¼ _θ ¼ θd ¼ 0
þ _θ∂Fθ
∂ _θ

_x ¼ _y ¼ _θ ¼ θd ¼ 0
; ð8Þ
In order to evaluate the derivatives, the chain rule is used
dðÞ
d _x
¼ ∂ðÞ
∂Urel
dUrel
d _x
þ ∂ðÞ
∂αrel
dαrel
d _x
ð9Þ
and similarly for _y and _θ .
Hence, the full aerodynamic damping matrix for the 3DOF model is derived:
Ca ¼ 
∂Fx
∂ _x
∂Fx
∂ _y
∂Fx
∂ _θ
∂Fy
∂ _x
∂Fy
∂ _y
∂Fy
∂ _θ
∂Fθ
∂ _x
∂Fθ
∂ _y
∂Fθ
∂ _θ
2
6664
3
7775
_x ¼ _y ¼ _θ ¼ θd ¼ 0
; ð10Þ
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which is found to be
Ca ¼
ρDU
2
2CD 2CL ðC′LþCDÞ ðCLC′DÞ 0 0
2CL 2CD ðCLC′DÞ ðC′LþCDÞ 0 0
0 0 0 0 2DCM DC
′
M
2
664
3
775
c2 cs Lasαθγc
cs s2 Lasαθγs
s2 cs Lacαθγs
cs c2 Lacαθγc
c s Lasαθγ
s c Lacαθγ
2
66666666664
3
77777777775
; ð11Þ
where c ¼ cosα0; s¼ sin α0; cαθγ ¼ cos α0þθ0þγr
 
; sαθγ ¼ sin α0þθ0þγr
 
and primes indicate derivatives with respect to
angle of attack.
It should be noted that the aerodynamic coefﬁcients and their derivatives should be evaluated at the angle between the wind
and the shape in the static equilibrium conﬁguration about which the dynamic stability is considered, i.e. at α0þθ0 (¼α for θd¼0).
Eq. (11) is a generalised version of the aerodynamic damping matrix proposed by Piccardo (1993), allowing not only for
arbitrary orientation of the principal axes but also for arbitrary location of the aerodynamic centre. The top left 22 sub-
matrix of Ca is identical to the aerodynamic damping matrix for 2DOF translational galloping presented by Nikitas and
Macdonald (2014) or a simpliﬁed version of the ones given by Strømmen and Hjorth-Hansen (1995), Macdonald and Larose
(2008a) and Piccardo et al. (2011), who all allowed for a skew angle in the third dimension. The other elements of Ca are
found to agree with the equivalent equations given by Gjelstrup and Georgakis (2011) (except for an apparent transcription
error for their ∂Fy
∂ _θ
), after substitution of certain angle variables and neglecting the terms allowing for the differentials with
respect to Reynolds number and skew angle.
An interesting ﬁnding about the 3DOF quasi-steady aerodynamic damping matrix is that its determinant is always zero.
This is not generally true for any pair of two DOFs. The reason is that the velocity of the aerodynamic centre due to the
rotational velocity of the section can be decomposed into components in the x and y directions, so its effect is equal to a
linear combination of the translational velocities in those directions. Therefore the third column of the aerodynamic
damping matrix, which relates to the torsional velocity, is a linear combination of the other two columns (Lasθγ times the
ﬁrst column plus Lacθγ times the second column, where sθγ ¼ sin θ0þγr
 
and cθγ ¼ cos θ0þγr
 
). It is well known that such a
matrix has a determinant of zero.
For the special case of α0 ¼ 0, i.e. the wind direction along the x axis, the aerodynamic damping matrix simpliﬁes to
Ca ¼
ρDU
2
2CD ðCLC′DÞ La 2CDsθγ CLC′D
 
cθγ
h i
2CL ðC′LþCDÞ La 2CLsθγþ C′LþCD
 
cθγ
h i
2DCM DC
′
M DLa 2CMsθγþC′Mcθγ
h i
2
666664
3
777775; ð12Þ
which agrees with the 3DOF aerodynamic damping matrix given by Piccardo et al. (2014a) if also θ0 ¼ 0.
It should be mentioned that aerodynamic stiffness terms (see e.g. Piccardo et al., 2014a) are excluded in the present
analysis to focus on the effects of the aerodynamic damping matrix, which is normally dominant in determining the stability
of dynamic responses. For wide cross-sections large negative aerodynamic stiffness can cause static divergence, but for
compact cross-sections, i.e. with low width to depth ratios, normally the aerodynamic stiffness only has a minor effect. This
is because for such cross-sections it is small relative to the structural stiffness, whilst the aerodynamic damping terms are
comparable to the structural damping terms (Gjelstrup and Georgakis, 2011). Furthermore, including only the aerodynamic
damping matrix, an exact analytical solution for the galloping stability can be found, as shown in the following section,
which can act as a reference case even when the aerodynamic stiffness may have some inﬂuence.
3. Analytical solution for the galloping stability of a 3DOF perfectly tuned system
In order to obtain the galloping stability criterion of the 3DOF system its eigenvalue problem is now studied. The matrix
equation of motion of the system, after subtracting the static components and neglecting any inertial coupling or aero-
dynamic stiffness, is given by:
M €XþCs _XþKX¼ Ca _X ð13Þ
where dots indicate derivatives with respect to time and
M¼
m 0 0
0 m 0
0 0 Jθ
2
64
3
75, Cs ¼
2mωxζx 0 0
0 2mωyζy 0
0 0 2Jθωθζθ
2
64
3
75, K¼
mω2x 0 0
0 mω2y 0
0 0 Jθω2θ
2
664
3
775, X¼
x
y
θd
8><
>:
9>=
>;;
where ζx, ζy and ζθ are the structural damping ratios for each degree of freedom.
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The total damping matrix C is the sum of the aerodynamic damping matrix and the structural damping matrix:
C¼
cxx cxy cxθ
cyx cyy cyθ
cθx cθy cθθ
2
64
3
75¼ CaþCs: ð14Þ
Since C is asymmetric, the eigenvalues are generally complex. A widely used way of solving such an eigenvalue problem
is to express it in space-state matrix form, with
A¼ 0 IM1K M1C
 	
; ð15Þ
where I is the identity matrix. The characteristic polynomial is then given by
AλI ¼ 0:j
 ð16Þ
This is a 6th order polynomial in the eigenvalues, λ, the solutions of which are either real or complex conjugate pairs.
Conventionally, the eigenvalues and eigenvectors are found numerically, but this gives limited insight into the behaviour. In
this paper, in contrast, an analytical solution is obtained, for the galloping stability of a perfectly tuned 3DOF system. Clearly
this is a special case which would rarely occur in practice, but for some tension structures such as bundled conductors the
natural frequencies can be very close to each other (Chabart and Lilien, 1998), so it is not unreasonable to consider this
condition. Also it acts as a reference case in which the effects of the aerodynamic damping coupling between the structural
modes are maximised, since any forcing on one degree of freedom due to unforced motion of another occurs at its natural
frequency. In contrast, for well detuned modes the coupling is unimportant and the behaviour tends towards that of
uncoupled degrees of freedom or the 2DOF systems previously considered.
For the perfectly tuned system all the uncoupled structural angular natural frequencies, ωx, ωy and ωθ are set equal to
ωn. Following the approach taken by Macdonald and Larose (2008a), solutions are sought on the stability boundary, so there
is a pair of eigenvalues with zero real part, λ¼7 iω (or a single eigenvalue with ω¼0), where ω is the angular natural
frequency of the coupled self-excited motion. The characteristic polynomial can then be separated into real and imaginary
parts. The imaginary part can be rearranged as
b1Z
2b2Z  b2ω2n ¼ 0 ð17Þ
and the real part can be expressed as
ZðZ2b3Z b3ω2nÞ ¼ 0; ð18Þ
where Z ¼ ω2ω2n and b1, b2 and b3 are given by
b1 ¼
ðcxxþcyyÞJθþmcθθ
mJθ
; ð19Þ
b2 ¼
jCj
m2Jθ
; ð20Þ
b3 ¼
m cθθcxxþcθθcyycxθcθxcyθcθy
 þ JθðcxxcyycxycyxÞ
m2Jθ
: ð21Þ
Note that these equations apply for any damping matrix.
3.1. First condition for galloping
It is obvious that Z¼0 is a solution of Eq. (18), which by the deﬁnition of Z leads to ω¼ωn. Since Eq. (17) must also be
satisﬁed, this leads to b2¼0. Hence, from the deﬁnition of b2, the determinant of the total damping matrix |C| must equal
zero. This is a general condition for any damping matrix of a 3DOF systemwith all three structural natural frequencies being
identical.
It is convenient to express the aerodynamic damping matrix in the form
Ca ¼
ρDU
2
1 0 0
0 1 0
0 0 r
2
64
3
75Sa
1 0 0
0 1 0
0 0 r
2
64
3
75; ð22Þ
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where Sa is a non-dimensional matrix, which for the quasi-steady aerodynamic damping matrix in Eq. (11) is given by
Sa ¼
Sxx Sxy Sxθ
Syx Syy Syθ
Sθx Sθy Sθθ
2
64
3
75¼
2CD 2CL ðC′LþCDÞ ðCLC′DÞ 0 0
2CL 2CD ðCLC′DÞ ðC′LþCDÞ 0 0
0 0 0 0 2κCM κC′M
2
664
3
775
c2 cs εsαθγ c
cs s2 εsαθγ s
s2 cs εcαθγ s
cs c2 εcαθγ c
c s εsαθγ
s c εcαθγ
2
66666666664
3
77777777775
; ð23Þ
where κ ¼ Dr and ε¼ Lar .
The condition that |C|¼0 can then be expressed as
S33DGS23DþHS3D Sa ¼ 0;jj ð24Þ
where
G¼ SxxþSyyþSθθ ;
H¼ SxxSθθSxθSθxþSθθSyySθySyθþSyySxxSyxSxy
and the non-dimensional effective aerodynamic damping coefﬁcient, S3D, is deﬁned as
S3D ¼
4mωnζa
ρDU
; ð25Þ
where ζa¼-ζx¼-ζy¼-ζθ on the stability boundary.
Clearly this can be used to obtain either the critical structural damping to prevent galloping for a given wind speed or the
minimum wind speed at which galloping would occur for given structural damping.
It should be noted that Eq. (24) applies for any aerodynamic damping matrix, even if quasi-steady theory does not hold.
However, for the quasi-steady aerodynamic damping matrix derived in Section 2 (Eq. (11)), Ca ¼ Sajjjj ¼0, so S3D ¼ 0 is a
solution of Eq. (24). Hence for no structural damping, one of the modes of the aeroelastically coupled system is on the
stability boundary. This is discussed further in Section 3.3. Clearly any positive structural damping will stabilise that mode.
The other two solutions of Eq. (24) give the instability criterion for the perfectly tuned 3DOF system:
S3D ¼
1
2
G7
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
G24H
p 
o 0; ð26Þ
Clearly the negative square root gives the more critical solution.
Expressing Eq. (26) in terms of the aerodynamic coefﬁcients it becomes
S3D ¼
1
2
3CDþC0Lþκε 2CMsαθγþC0Mcαθγ
 n
7
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CDC0Lκε 2CMsαθγþC 0Mcαθγ
  2
þ8κε CDC0L
 
CMþCLC0M
 
sαθγþ8 CLþκεCMcαθγ
 
C 0DCL
 r )
: ð27Þ
3.2. Second condition for galloping
There is also another case where Z does not have to be zero. In this case, the quadratic factor in Eq. (18) must be zero,
while Eq. (17) still has to be satisﬁed. Since the solutions of the two quadratic equations must be the same, this leads to the
relation b3¼b2/ b1. Solving the quadratic equation for Z, ω2 is then given by
ω2 ¼ω2nþ
1
2
b37
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b23þ4b3ω2n
q
 
; ð28Þ
while the relation b3¼b2/ b1 yields
8S33D8GS23Dþ2 G2þH
 
S3D GH SajÞ ¼ 0:
 ð29Þ
Again this applies for any aerodynamic damping matrix. It should be noted that when Eq. (24) has only one real root, we
refer to Eq. (29) which has only one real root as well. It is also interesting to notice that in a general sense, i.e., not limited to
the quasi-steady theory, the only real root of Eq. (29) equals to the identical real parts of the two complex roots of Eq. (24),
the proof of which is given in Appendix A.
Therefore, after applying the quasi-steady theory, Sa ¼ 0jj . Hence, S3D ¼ 0 is always a solution of Eq. (24), with the other
two given by Eq. (26). When Eq. (26) does not give real solutions, i.e. when G24Ho0, there is only one other real root
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given by Eq. (29), which equals to the real part of Eq. (26). Thus, in this case, the only non-trivial real solution yields:
S3D ¼
1
2
Go0: ð30Þ
Hence it is convenient that Eq. (26) (or Eq. (27)) alone covers all possible solutions (apart from the trivial one, S3D ¼ 0),
using the full expression if it is real or the real part only if it is complex. The two different cases described here resemble the
solutions for the perfectly tuned translational 2DOF system (Macdonald and Larose, 2008ab, Piccardo et al., 2011, Nikitas
and Macdonald, 2014), for which the normal solution yields ω¼ωn and requires the determinant of the total damping
matrix to be zero, but there is another possible situation in which ω is not constrained to be ωn and there are elliptical
trajectories in two modes at different frequencies, giving a so-called complex response, ﬁrst identiﬁed by Jones (1992).
3.3. Eigenvectors of the galloping solutions
It is also of interest to identify the eigenvectors, which deﬁne the relative amplitudes of the motion in the three degrees
of freedom, which may shed light on the physical galloping responses. For the trivial solution, S3D ¼ 0, the eigenvector of the
solution can be shown to be
Lasθγ ; Lacθγ ;1
n oT
:
This corresponds to rotation about the aerodynamic centre. There is hence no translational velocity of the centre itself,
so, based on the assumptions made, there is no change in the aerodynamic forces due to the motion so there is no resulting
aerodynamic damping. This physically explains why S3D ¼ 0 is always a solution.
As to the assumptions of the aerodynamic centre, they have rigorous origins for aerofoil ﬂutter analysis (Theodorsen,
1935), for which it is at a point on the chord one-quarters of the way from the leading to the trailing edge. The method is still
widely used for aerofoils. It was adopted for the galloping of bluff bodies by Slater (1969) and has since been widely used by
many researchers in this ﬁeld (e.g. Blevins and Iwan (1974), Robertson et al. (2003), Luongo et al. (2007), Gjelstrup and
Georgakis (2011). It appears to be the only way to allow for the torsional velocity in a quasi-steady analysis, other than
assuming that the forces due to the torsional velocity are zero. Having adopted quasi-steady theory and having made the
assumption of the existence of an aerodynamic centre, it follows logically that the 33 aerodynamic damping matrix is
singular (Section 2), leading to this special rotation about this point with no associated aerodynamic damping. Clearly
experimental data are required to validate this predicted outcome of the analysis.
For the non-trivial solutions, the analytical expressions for the eigenvectors are rather lengthy so only they are only
presented here for the simpliﬁed case of α0þθ0þγr¼ 0, i.e. when the line AO (Fig. 1) is parallel with the wind direction, for
the ﬁrst condition for galloping (i.e. when ω¼ωn and Eq. (26) applies), giving
ε C0DCL
 
S3D
2ε CL C0DCL
 þ 1=2S3DCD  C0LþCD  
S23D 3CDþC0L
 
S3Dþ2 CD C0LþCD
 CL C 0DCL  
8><
>:
9>=
>;:
It is obvious that these eigenvectors (for each of the two non-zero solutions for S3D) are real, which corresponds to in-
phase motion of the three components, which could be represented as rigid body rotation about a certain point. For the
second condition for galloping (i.e. for complex responses when Eqs. (28) and (30) apply), the eigenvectors are complex,
indicating phase lags between the components.
4. Application of the proposed analytical solution
In order to show typical results of the proposed analytical solutions, a square section is employed as an example, based
on the data from Norberg (1993), who conducted a series of wind tunnel tests on rectangular prisms with different aspect
ratios, measuring all three aerodynamic coefﬁcients. Fig. 3 presents the aerodynamic coefﬁcients of the square section and
also a rectangular section with aspect ratio of three, chosen here since all the relevant data are available and they exhibit
distinct characteristics. The aspect ratio here is deﬁned as the ratio of the along-wind dimension to the normal dimension
for zero angle of attack.
Fig. 4 shows the plot of the non-dimensional effective aerodynamic damping coefﬁcients, S3D, against angle of attack
from Eq. (27) for the square section. For both the square and rectangular sections, the distance of the aerodynamic centre A
from the centre of rotation O, La, is taken as the conventional approximation, described by Nakamura and Mizota (1975), of
half the long side of the section, with the orientation of the aerodynamic centre being taken to be in line with the wind
velocity.
The proposed analytical solutions are conﬁrmed to be exact after comparing with conventional numerical eigenvalue
analysis. In Fig. 4 the thin solid line shows the trivial solution, S3D¼0, while the thick solid and dashed lines represent the
two other solutions from Eq. (27). Positive values indicate aerodynamically stable solutions and negative values unstable
ones. Hence galloping occurs when any one of the solutions is negative and greater in magnitude than the non-dimensional
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structural damping coefﬁcient, deﬁned as in Eq. (25) but using the actual (positive) structural damping ratio, which is the
same for all three degrees of freedom (ζx¼ζy¼ζθ), rather than the effective aerodynamic damping ratio, ζa. Obviously, the
solid line yields the more critical effective aerodynamic damping of the two solutions from Eq. (27). However, when the
value of the solid line becomes positive, the trivial solution becomes the most critical one, although for positive structural
damping is it always stable. Since the section considered is square, Fig. 4 should be symmetric about 45°. The lack of
symmetry in the plot is due to slight asymmetry in the measured aerodynamic coefﬁcients.
Root 1 
Root 2
Root3 
Fig. 4. Non-dimensional effective aerodynamic damping coefﬁcient for 3DOF galloping of a perfectly tuned square section vs. angle of attack. Roots 1 and
2 are from Eq. (27) (or its real part, if complex). Root 3 is S3D¼0.
Square 
Rectangle
Fig. 3. Aerodynamic coefﬁcients of the square and rectangular sections (aspect ratio 3) (Norberg, 1993): (a) drag coefﬁcients; (b) lift coefﬁcients; and
(c) moment coefﬁcients.
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It can be seen that at certain angles of attack the two non-trivial solutions merge, giving a complex response, similarly to
the results from Nikitas and Macdonald (2014) for 2DOF translational galloping. Although this behaviour is interesting, for
the sections considered, no case has been found where it gives an aerodynamically unstable solution (S3Do0), as for all the
sections considered in the 2DOF analysis. A reason for this may be that for a complex response to occur, the expression
under the square root in Eq. (27) must be negative, but since CD is always positive the ﬁrst term under the square root is
likely to be large and positive unless C′L is large and positive (noting that the translational terms tend to dominate over the
torsional terms, as discussed below). However, S3D is then given by the part of Eq. (27) excluding the square root which
includes 3CDþC′L, which under these conditions would be large and positive, tending to give a stable solution.
In order to further examine the analytical solution and also obtain a better idea of the contribution from the torsional
degree of freedom, the 3DOF analytical results are compared with the 2DOF translational solution and the 1DOF torsional
case, in terms of the effective aerodynamic damping coefﬁcients. The coefﬁcient for the 2DOF translational case with
perfectly tuned natural frequencies is given by Nikitas and Macdonald (2014) as
S2D ¼
1
2
3CDþC′L7
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CDC′L
 2
þ8CL C′DCL
 r" #
: ð31Þ
For the 1D torsional case, the stability boundary occurs when cθθ ¼ 0, yielding an effective aerodynamic damping
coefﬁcient
S1D ¼ Sθθ ¼ κε 2CMsαθγþC′Mcαθγ
 
: ð32Þ
For α0þθ0þγr ¼ 0, i.e. for the free stream wind direction parallel with AO in Fig. 1, this reduces to the conventional
torsional galloping stability criterion given by (Blevins, 1994). Eq. (32) is a generalised expression allowing for arbitrary
direction of the wind with respect to the position of the aerodynamic centre.
By inspection, it is evident that Eq. (27) reduces to Eqs. (31) and (32) when the torsional (CM) and translational (CD, CL)
effects, respectively, are neglected.
In addition to the aforementioned square and rectangular sections, two more sections have been considered as examples,
namely an equilateral triangular section (Tatsuno et al., 1990) and a lightly iced cable (ice shape 2, using the aerodynamic
coefﬁcients measured at U¼41 m/s, i.e. Re¼1.9105, from (Gjelstrup et al., 2012)). For the lightly iced cable, after com-
paring the numerical calculations with test results, Gjelstrup and Georgakis (2011) found it reasonable to take the aero-
dynamic centre as at the leading edge, so that has been adopted here. For the triangular section La has been taken to equal
one third of the side length.
Fig. 5 shows the analytical results of the effective aerodynamic damping coefﬁcients for the four shapes considered. For
each shape, three scenarios are addressed: (1) pure torsional galloping (1DOF), from Eq. (32); (2) 2DOF coupled translational
galloping with perfectly tuned structural natural frequencies, from Eq. (31); (3) 3DOF coupled galloping with perfectly tuned
structural natural frequencies, from Eq. (27). For the 2DOF and 3DOF cases only the more critical solution of the relevant
equation is given, i.e., using the negative square root (if real). A thin solid line is also plotted at S3D ¼ 0 in each ﬁgure as a
reference line indicating the aerodynamic stability boundary and the trivial solution for the 3DOF system, which is
sometimes the most critical one.
The 3DOF results are generally close to those for the 2DOF translational system, but there are exceptions, most notably
for the rectangular section, and often the inclusion of the torsional degree of freedom modiﬁes the results, especially in the
range of critical angles of attack. The reason for that from observation could be the torsional effective aerodynamic damping
is normally signiﬁcant at those angles of attack. An impression from Fig. 5 is that for most angles of attack the 3DOF curve
seems to be a combination of the 2DOF one and 1DOF torsional one, reﬂecting the relationships between Eqs. (27), (31) and
(32). The stability of the 1DOF torsional case normally makes only minor changes to the 2DOF solution to give the 3DOF
solution, which agrees with Luongo et al. (2007), who claimed the torsional velocity has a negligible effect on the aero-
dynamic forces and thus was excluded in their subsequent analysis. However, their order-of-magnitude analysis was based
on the parameters of a typical transmission line so their conclusion may not necessarily hold for other structures and cross-
sections. As for example shown in Fig. 5(a), at certain angles of attack, torsion indeed has a noticeable inﬂuence on the
dynamic stability of the square section. On the other hand, Fig. 5(c), in which a lightly iced cable is presented, the inﬂuence
of torsion becomes relatively small for almost the whole range of angles of attack, since the cross section resembles that of a
typical transmission line.
For the square section (Fig. 5(a)), the most unstable angle of attack is around 10° (or 80°) for all three cases, with the
3DOF case being signiﬁcantly more unstable than the 2DOF one. For angles of attack at or close to 0° torsional galloping
instability is not normally considered important since, although C′M is negative it is very small for a square section (Blevins,
1994). However around 10° it is negative and somewhat larger (see Fig. 3(c)), leading to signiﬁcant instability of 1DOF
torsional galloping in this region (Fig. 5). For the worst case angle of attack the 2DOF translational system is more unstable,
but for the 3DOF system these two effects are combined to make it more unstable than either system alone. The results are
shown for the case of perfect tuning between all three structural degrees of freedom, for which the effects of the aero-
dynamic damping coupling are greatest. If the torsional degree of freedom is detuned the coupling becomes less important
and the critical solution tends towards that for the 2DOF translational system. The square section is also very unstable
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around 0° (or 90°), being more so for the 3DOF case than the other two. In the stable region, from around 20° to 70°, the
2DOF and 1DOF cases are stable, with the effects being combined to make the 3DOF system even more stable.
For the triangular section and lightly iced cable (Fig. 5(b) and (c), respectively) the stability of the coupled 3DOF motion
follows that of the 2DOF translational case closely, with minor inﬂuence of the torsional degree of freedom. However, at
some angles, mostly the critical angles of attack, where the torsional damping also tends to be relatively large, there are
noticeable differences in the results. It is most signiﬁcant at α¼0° for the triangular section, where it makes the 3DOF
system stable, and at the minima at 5° and 35°, where the positive torsional damping reduces the instability of the 3DOF
system relative to the 2DOF one. Nevertheless, the 3DOF results are almost identical to the 2DOF ones at angles from 50° to
60°, where the torsional damping is much larger than 0 but loses its inﬂuence on the system.
With regard to the lightly iced cable, again it is at the most critical angles of attack that the torsional degree of freedom
has most inﬂuence on the results. In this case, at -30° and þ35° the 2DOF effective aerodynamic damping is a minimum, but
it also is for the 1DOF torsional system, which slightly increases the instability for the 3DOF system at these two angles.
However, at angles 65° to 80° and þ65° to þ85°, the torsional aerodynamic damping is obviously greater than zero but
it makes little difference in the overall stability of the 3DOF system. Unfortunately, there appears to be no available
experimental data of any perfectly tuned system in the literature for direct comparison with the results of the present
analysis. For the lightly iced cable the dynamic experiments by Gjelstrup et al. (2012) only allow for cross-wind motion and
torsion with large frequency detuning. However, a numerical analysis employing the full aerodynamic damping matrix (Eq.
(11)) and the appropriate structural parameters was conducted, which gave excellent agreement with the stability pre-
dictions in that paper (which used the Routh-Hurwitz criterion), as expected.
Although the quasi-steady theory may not be very applicable for rectangular sections with large aspect ratio (Blevins,
1994; Païdoussis et al., 2010), it is still interesting to examine the theoretical effect of the torsional degree of freedom on the
galloping behaviour. As can be seen in Fig. 5(d), the behaviour of the 3:1 rectangular section is quite different from the
square. For angles of attack less than 10° the torsional stability has a major effect on the stability of the 3DOF system. While
1DOF torsional, Eq. (32) 2DOF translational, Eq.(31) 3DOF, Eq. (27)
Fig. 5. Comparison between 3DOF solution and other results: (a) square section; (b) equilateral triangular section; (c) lightly iced cable; and (d) rectangular
section (aspect ratio¼3).
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the 2DOF translational motion is predicted to be stable close to α¼0°, it is very unstable for pure torsion and for the
3DOF case.
For translational galloping, the square and rectangular sections clearly show dissimilar unstable ranges of angles of
attack, which is consistent with the ﬁndings of Robertson et al. (2003). It may be noted that their computational simulations
were conducted at low Reynolds numbers, which may not be representative of galloping of structures in the ﬁeld. However,
for the present analysis, the actual Reynolds number may not be so important, since the aerodynamics of sharp-cornered
sections are generally insensitive to it. In contrast, the reduced velocity is generally considered to be more important in the
application of quasi-steady theory. In their cases, the reduced velocity was 40 for torsional galloping and up to 80 for
translational galloping, which would generally be considered to be sufﬁciently high. As to their ﬁndings, their 3DOF
computational simulations reveal the occurrence of large-amplitude translational galloping at zero incidence for sections
with aspect ratioo2 (c.f. negative S2D in Fig. 5(a) for the square section at α¼0°) and negligible oscillation for sections with
larger aspect ratio (c.f. positive S2D in Fig. 5(d) for the rectangular section at α¼0°). This also concurs with experimental
work by Washizu et al. (1978), who observed no translational galloping for rectangular sections with aspect ratio42.5. The
difference in the behaviour may be explained by ﬂow reattachment being fully achieved for rectangular sections with aspect
ratio larger than 2, as found in numerical simulations of the ﬂow by Sohankar et al. (1997). As to the pure rotational stability,
Robertson et al. (2003) numerically found severe galloping instability for square and any rectangular sections with negative
C′M at 0° angle of attack, as also reported from previous experiments (Blevins, 1994; Luo et al., 1998; Nakamura and Mizota,
1975). Hence, the analytical solutions presented here for 1DOF torsional and 2DOF translational galloping qualitatively agree
well with previous numerical and experimental work.
For the rectangular section, as the angle of attack approaches 90° the aspect ratio becomes 1:3, which means quasi-
steady theory is likely to be more applicable (Blevins, 1994). For this angle range the results from Fig. 5(d) are shown on an
expanded scale in Fig. 6. It is clear that torsion is of importance in affecting the stability of the 3DOF system. The curve for
the 3DOF solution again shares a similar pattern as that for the 2DOF solution but the system is signiﬁcantly less stable due
to the instability of the torsional degree of freedom.
5. Conclusions
In this paper, the full aerodynamic damping matrix has been derived, based on quasi-steady theory, for a general two-
dimensional rigid cross-section with 3 degrees of freedom (heave, sway and torsion), for arbitrary orientation of the wind
direction relative to the structural principal axes. An analytical solution has then been obtained for the galloping stability of
a perfectly tuned 3DOF system with any aerodynamic damping matrix (i.e. not necessarily derived from quasi-steady
theory). Using the property of the 3DOF quasi-steady aerodynamic damping matrix that its determinant is always zero, the
solution simpliﬁes and a closed-form expression has been found for the effective aerodynamic damping coefﬁcient for
galloping of the 3DOF system, for the ﬁrst time. This has been validated against the results of conventional numerical
eigenvalue analysis.
For further insight on 3DOF galloping instability, square, rectangular, equilateral triangular sections and a lightly iced
cable have been employed as examples to identify the effects of incorporating the torsional degree of freedom, through
comparing the effective damping coefﬁcient of the 3DOF model with the previous 2DOF perfectly tuned translational one
(Nikitas and Macdonald, 2014) and also the pure rotational one (Blevins, 1994). It has been found that the 3DOF solution is
Fig. 6. Comparison between analytical solutions for a rectangular section at high angles of attack.
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normally close to the 2DOF translational one but with some inﬂuence of the stability of the torsional case in some instances,
especially at the critical angles of attack. Unfortunately limited experimental data from dynamic tests are available for direct
comparisonwith the predictions of the analysis but the results are consistent with related experimental results as far as they
are available.
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Appendix A
This appendix contains the proof that when both Eqs. (24) and (29) have single real root simultaneously, the real solution
of Eq. (29) equals the real part of the complex solutions of Eq. (24).
For a general cubic equation
ax3þbx2þcxþd¼ 0; ðA:1Þ
the general form of the roots can be written as follows:
xk ¼ 
1
3a
bþukCþ
Δ0
ukC

 
; k¼ 1;2;3; ðA:2Þ
where u1 ¼ 1, u2 ¼1þ i
ﬃﬃ
3
p
2 , u3 ¼1i
ﬃﬃ
3
p
2 and C is deﬁned as
C ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Δ1 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Δ21−4Δ
3
0
q
2
3
vuut
where Δ0 ¼ b2  3ac, Δ1 ¼ 2b3  9abcþ27a2d:
Thus, the real part of the complex solution of Eq. (24) and the real solution of Eq. (29) can be expressed as follows,
respectively:
x1 ¼ 
1
3a1
b1
1
2
C1þ
Δ01
C1

 
 
; ðA:3Þ
x2 ¼ 
1
3a2
b2þC2þ
Δ02
C2

 
; ðA:4Þ
where the subscript 1 and 2 means the origin of the variables, i.e. corresponding to either Eq. (24) (for subscript 1) or Eq.
(29) (for subscript 2).
Substituting all corresponding values, it then can be obtained
a2 ¼ 8a1, b2 ¼ 8b1, Δ02 ¼ 16Δ01, C2 ¼ 4C1,
with
C1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
−Δ01 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Δ211−4Δ
3
01
q
2
3
vuut
:
Since,
C1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Δ01 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Δ211−4Δ
3
01
q
2
3
vuut
:
Thus, C1 UC1 ¼ Δ01:
Substituting all the above parameters back into Eqs. (A.3) and (A.4), one can have
x2 ¼ 
1
3a1
b1þ12 C1þ
Δ01
C1

 
 
:
Leading to
x1x2 ¼
1
2
C1þC1þΔ01
1
C1
þ 1
C1

 
 
¼ 1
2
C1þC1þΔ01
C1þC1
C1C1
 !
¼ 1
2
C1þC1þΔ01
C1þC1
Δ01
 !
¼ 0:
Therefore, the real solution of Eq. (29) equals the real part of the complex roots of Eq. (24).
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